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2Motivation
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unmodeled dynamics
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external: 
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Current Challenges

slow reaction

compromise performance

no long-term guarantee

e.g., stochastic barrier certificate [5]

e.g., model predictive control (MPC), constrained optimization safety, 
reachability-based techniques, conditional value-at-risk (CVaR) [1-4]

e.g., barrier function-based control [6-7]
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Aims
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fast reaction

preserve performance
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6Proposed Method: Intuitions

time

safe at next time => safe at all time


𝑋𝑡

?

?

Under stochastic 
uncertainties
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Safe set 𝒞

Existing approach: 
Control barrier function…

safe set: 
𝒞 = 𝑥 ∶ 𝜙 𝑥 ≥ 0

safe with probability 
1 − 𝛿 at each step

1 − 𝛿

unsafe with high 
probability in a long term

1 − 𝛿 𝑛



7Proposed Method: Intuitions

Existing approach: 
Control barrier function…

𝑋𝑡

?

?

Under stochastic 
uncertainties

1 − 𝜖

𝑡

Long-term safety probability
𝑭 𝑋𝑡 = Pr(𝑋𝜏 ∈ 𝒞, 𝜏 ∈ [𝑡, 𝑡 + 𝑇]|𝑋𝑡)

Forward invariance in 
probability space

Proposed approach:
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Safe set 𝒞

safe set: 
𝒞 = 𝑥 ∶ 𝜙 𝑥 ≥ 0
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Control barrier functions:

𝑋𝑡

safe set: 
𝒞 = 𝑥 ∶ 𝜙 𝑥 ≥ 0

unsafe region

Reachability:

Proposed Method: Intuition

𝑋𝑡
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Control barrier functions:
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Forward rollout trajectories 
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Control barrier functions:
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safe set: 
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Control barrier functions:

𝑭(𝑋𝑡)

new safe set: 
𝒞′ = 𝑋:𝑭 𝑋 ≥ 1 − 𝜖

unsafe region

Reachability:
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15Proposed Method

1 − 𝜖

𝑡

Long-term safe probability
𝑭 𝑋𝑡 = Pr(𝑋𝜏 ∈ 𝒞, 𝜏 ∈ [𝑡, 𝑡 + 𝑇]|𝑋𝑡)

Myopically verifiable

Forward invariance 
in probability space

𝐴: infinitesimal generator
𝛼:ℝ → ℝ monotonically increasing, concave, 𝛼 0 ≤ 0.

𝐴𝑭(𝑋𝑡) ≥ −𝛼(𝑭(𝑋𝑡) − (1 − 𝜖))

desired safety 
probability

time derivative of 
safety probability

Proposed Safety Condition:



18Proposed Safety Condition

𝐴𝑭(𝑋𝑡) ≥ −𝛼(𝑭(𝑋𝑡) − (1 − 𝜖))
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𝐴𝑭 𝑋𝑡 = ℒ𝑓𝑭 𝑋𝑡 + ℒ𝑔𝑭(𝑋𝑡) 𝑢 +
1

2
tr( 𝜎 𝑋𝑡

⊺Hess𝑭(𝑋𝑡) 𝜎(𝑋𝑡) )

constant given system dynamics
𝑑𝑋𝑡 = 𝑓 𝑋𝑡 + 𝑔 𝑋𝑡 𝑈𝑡 𝑑𝑡 + 𝜎 𝑋𝑡 𝑑𝑊

linear with respect to 𝑢

𝐴𝑭 𝑋𝑡 = ℒ𝑓𝑭 𝑋𝑡 + ℒ𝑔𝑭(𝑋𝑡) 𝑢 +
1

2
tr( 𝜎 𝑋𝑡

⊺Hess𝑭(𝑋𝑡) 𝜎(𝑋𝑡) )𝐴𝑭 𝑋𝑡 = ℒ𝑓𝑭 𝑋𝑡 + ℒ𝑔𝑭(𝑋𝑡) 𝑢 +
1

2
tr( 𝜎 𝑋𝑡

⊺Hess𝑭(𝑋𝑡) 𝜎(𝑋𝑡) )
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Theorem: Given

𝑭 𝑋0 > 1 − 𝜖,

if we choose the control action to satisfy

𝐴𝑭(𝑋𝑡) ≥ −𝛼(𝑭(𝑋𝑡) − (1 − 𝜖)) for 𝑡 > 0,  

then we have

Pr(𝑋𝜏 ∈ 𝒞, 𝜏 ∈ [𝑡, 𝑡 + 𝑇]) ≥ 1 − 𝜖 for ∀𝑡 > 0

𝛼:ℝ → ℝ is a monotonically increasing concave function that satisfies 𝛼 0 ≤ 0.

Theoretical Guarantees

19
Wang et al., (2021).
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system dynamic:

initial state:

safe set:

nominal controller: 

desired safety probability:

Simulation
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𝑑𝑥𝑡 = 2𝑥𝑡 + 2.5𝑢𝑡 𝑑𝑡 + 2𝑑𝑤𝑡

𝑥0 = 3

𝒞 = 𝑥 ∈ ℝ : 𝑥 − 1 > 0

𝑁 𝑥𝑡 = 2.5𝑥𝑡

1 − 𝜖 = 0.9



23Simulation
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Clark, (2019).

Luo et al., (2019).

Ahmadi et al., (2020).



24Simulation – Nonlinear trap
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System becomes uncontrollable once reach state 𝑥 = 1.5



25Conclusion

• Provable long-term safety guarantee

• Fast reaction with reduced 
computation

• Controllable safety and performance 
trade-off

• Easy implementation with plug-in usage
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26Future Directions

• Faster and more accurate estimation of 
safety probability

• Compact representation of the safety 
probability mapping (e.g. DNN)

• …
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Thanks for listening!

Scan for full manuscript on arXiv
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S. Gangadhar, Z. Wang, H. Jing, and Y. Nakahira, “Adaptive 
Safe Control for Driving in Uncertain Environments,” 
the 33rd IEEE Intelligent Vehicles Symposium (IV), 2022. 

Application to Autonomous
Vehicles

Generalization to 
Distributed Systems

H. Jing, and Y. Nakahira, “Probabilistic safety certificate for 
multi-agent systems,” submitted to 2022 Control and 
Decision Conference (CDC), 2022.
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